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1. Introduction

Geer & Strikwerda (1983) devised a slender-jet theory for a jet falling vertically,
with surface tension present. They solved the resulting problem numerically by
extending a method they had developed previously (Geer & Strikwerda 1980). Their
results showed that the cross-section of the jet decreased in area and oscillated in
shape with distance along the jet. They compared the oscillations with Rayleigh’s
(1945) results for oscillations of a jet of constant circular cross-section. There was
agreement qualitatively but not quantitatively.

We shall analyse the oscillations of a vertically falling jet on the basis of their theory
in order to obtain a quantitative description of them which agrees with the numerical
results. First we find the solution for a vertical jet with a circular cross-section. Then
we determine its small-amplitude oscillations. Our analysis differs from Rayleigh’s
because our unperturbed jet is falling, so its velocity and radius are not constant.

2. Circular cross-section jet

For a circular jet, equations (2.3)—(2.5) of Geer & Strikwerda (1983) become, with
2’ = 1+2 and the prime omitted, and with w an appropriate Weber number,

r+rip, =—dt (0<r<i(z), z2>1), (2.1)
¢ =45, (r=352), (2.2)

= 17 1 _

$r+22¢, = —— (r=502). (2.3)

The solution of these equations is

§(2) = 8,271, (2.4)
P - _12_ _ s_g _ 2_z§ +¢ 25
$r2) = =83~ 32 Bws, T PO (2.5)

Here s, is the jet radius at z = 1 and ¢, is an irrelevant constant.

3. Waves

We now write

P(r,0,2) = P(r,2)+8¢'(r,0,2)+ O(8?), s(0,2) = 8(2)+05'(6,2) +0(B?). (3.1
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Here & is a measure of the wave amplitude, which also indicates the deviation of the
cross-section from a circle. By using (3.11) in equation (2.3)—(2.5) of Geer &
Strikwerda (1983) and equating coeflicients of §, we obtain

BrrtrTigrHr B =0 (0 <7 < 8(2)), (3.2)
6, =+ (r=5(2), (3.3)

3 42y = S 8 88
2¢T¢T+2zz¢z - w(.§)2 + w(é—‘)z SZ% 8z (’I' - S(Z)) (34)

A product solution of (3.2) is
@’'(r,0,2) = Uy(z) 7" cosnb. (3.5)
Then we write the corresponding expression for s as
§'(0,z) = U,(z) cosnb. (3.6)

Substitution of (3.5) and (3.6) into (3.3) and (3.4) yields the following pair of equations
for U, and U,:

d 1

% U, =— o U, +n(3)* 1 2710,, (3.7
d 1—n? 3 n
V= [Qw(s-)"+2 4 1623(5)"“‘] D+ U (3.8)

To solve (3.7) and (3.8) we rewrite them as

(1= 0.

Wavelike solutions of (3.9) are given by the method of Keller & Keller (1962), which
involves the eigenvalues of the coefficient matrix A4(z). They are

n—1 if2(n*—n) (n—l)z——Sn]% n—1 _(n:’—n)%i
82 iZ[ 8z +1 Qs ) ' (3-10)

28

ws 24 1622

Ai(z) =

The solution of (3.9) contains terms proportional to the exponentials

z 3__ 1
epr A4 (2)dz ~ AV exp[ii(n ”) 8 (A~ 1)] = exp[+ib,(F—1)w] (3.11)
1

2ws3
where
S§n®—nl
= —1. 12
be 7[ 283]1 (3.12)

The exponent in (3.11) is the same as the argument of the sine in equation (5.4)
of Geer & Strikwerda (1983). To compare (3.12) with the numerical values of b, in
Geer & Strikwerda, we choose n =2, 3 and 4 for jets with elliptical, equilateral
triangular and square cross-sections respectively. We choose s, so that the cross-
sectional area ms? of the circular jet is equal to 4, the area of the orifice at 2 = 1 in
all three cases. This yields s, = 2n~%. With this value, (3.12) yields the results shown
in table 1 under ‘analytical’. The numerical values from table 3 of Geer & Strikwerda
(1983) are shown for comparison.
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Analytical Numerical

Ellipse (2 to 1) 1.65 1.48
Triangle (equilateral) 3.30 2.95
Square 5.22 5.07

TaBLE 1. Comparison of values of b,
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